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Let Q((-rn)‘/3 and Q((3m)‘/*) be a pair of quadratic fields, m > 0, and 
let I\-, CL-; /\+, p+ be the respective Iwasawa invariants of the basic ,&extensions 
of these fields. A generalization of a result of Scholz shows that h- > X+ and 
if p- = 0, then p+ = 0. 
Let E,- = Q((-m)@) and E,+ = Q((3m)9 for any positive square- 
free integer m. (We allow m divisible by 3, but exclude m = 3.) Let r 
(resp. s) be the rank of the 3-Sylow subgroup of the ideal class group of 
Eo- (resp. E,,+). In an early paper, Scholz [7] showed that s < r < s + 1. 
This has been beautifully generalized by Leopoldt [6] (see also [5]). Below 
we use a result of this type to relate the Iwasawa invariants of the basic 
Z,-extensions over E,,- and E,,+. Section 1 gives an elementary generaliza- 
tion of Scholz’s result to the situation in which we will need it. Section 2 
examines some of the consequences of the result of Section 1. 
1 
Let 5, be a primitive 3”th root of unity and F,, the unique subfield of 
Q&J of index 2; F, is the maximal real subfield of Q(5,) and 
F,(&) = Q(f%). Let E,+ = E,,fFn , E,- = EoFn and let K, = Fn((-m)l12, 
(3m)1/2) = E,+En-. Let A,-, A,+ be the 3-class groups of E,-, E,+. Fix 
an integer t 3 1 and assume throughout that t < n. Let r, be the rank of 
(A,-)3”-‘/(An-)3” or, equivalently, the number of cyclic components of A,- 
of exponent at least 3t. Define s, similarly for A,+. Henceforth, we 
will dispense with the subscript n wherever this can be done without 
adding to the confusion. 
THEOREM. Fix any t 2 1. Then r, > s, for all n > t. 
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Proof. Let L be a cyclic unramified extension of E+ of degree 3t. 
There are s = s, independent extensions of E+ of this type. The class 
number of F, is prime to 3 [3]. Hence Gal(E+/F) acts on A+ by mapping 
each element to its inverse. In particular, every subgroup of A+ is stable 
under the action of Gal(E+/F) and every factor group is acted upon in the 
same manner. Therefore, L/F is normal and Gal(L/F) is the semidirect 
product Z3f x Z, , where the automorphism of order 2 is inversion. 
Choose an element (5 of order 2 in Gal(L/F) and let k be the fixed field of 
0. So [k : F] = 3t. Let k = F(O) for 0 E k; then L = E+(B). Let M = LK = 
K(B) = LE-. Hence M/F is galois and Gal(M/F) = Gal(M/L) + 
Gal(M/E-) z Gal(L/F) @ Gal(E-IF). Let 1.7 E Gal(M/E-) C Gal(M/F) be 
an element of order 2 which is a iifting of 6. Let w E Gal(M/E-) C 
Gal(M/F) be an element of order 3t and 7 E Gal(M/L) C Gal(M/F) of 
order 2. Then Gal(M/F) is generated by U, W, and T and we have the 
relations u2 = 72 = w3t = 1; TU = UT, TW = WT, and uw = w-k. 
Now, K contains a 3?h root of unity, .$, , and n > t. Hence M/K is 
Kummer. Since M = K(O), we may construct a Lagrange resolvent for 
0, M/K; 01 = C&’ ewifti. Then M = K(a) and a3$ E K. Furthermore, the 
following actions are clear: em = 8, 80 = 8, & = 8; ft” = ft, ft= = &I, 
ttT = 8;‘. And it follows that a0 = 01. Hence a3t E K and fixed by o; so 
a3t E E-. Let a = or3”. Then a E E- C K and a is primary: K(ct)/K is un- 
ramified. Hence in K, a is the 3%h power of an ideal and satisfies a certain 
congruence mod (1 - 5,). Since K/E- is quadratic, a is also the 3*th 
power of an ideal in E-. 
Let T be the subgroup of E- consisting of those elements which are 
3Yh powers of ideals. If x E T, then (x) = ‘$13”. Let f(x) = ‘8. Thenfmaps 
T into the ideal group of E-, and we have an exact sequence 
0 ---f U-(E-)3t/(E-)3’ ---f T/(E-)3t - J(T)/P - 0, 
where P is the group of principal ideals of E- and U- is the group of units 
of E-. The image f(T) is the set of ideals whose 3?h power is principal. 
Therefore [f(T): P] = [A-: (A-)3t]. 
Let al ,..., a, , which arise from the s unramified extensions of E+ of the 
type L and are primary in K, be representatives of s independent classes of 
T module (E-)3”. Assume there is a relation among the ai : a>,..., a> = 
r] x3$ E U-(E-)3’ not all ti 3 0 (39. The square of every unit of E-, 
however, is a root of unity in E- times a unit of F, the maximal real 
subfield of E-. Since E- has two or four roots of unity (we are excluding 
E. = Q( -31/2), the eighth power of every unit of E- lies in F. In particular, 
q8 E F C F(&) = Q&). But by our construction, if we adjoin a 3%h root 
of y8 to Q(flz) we obtain an abelian unramified extension of Q@,) of 
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3-power degree. For Q(.$, , (~7~)‘/~‘) _C J+z~‘~*,..., a’,‘“‘) and is abelian of 
3-power degree over Q([,). Also, K/Q(&) has degree 2 and K(u~/~*,..., 
a1,j3*) is unramified over K. But Q([,) has no abelian unramified 3-exten- 
sion. Hence a?,..., a: E (E-)3t C I@ and, since the ai come from indepen- 
dent fields over K, this implies that t1 = .a* = t, = 0 (39. Hence no 
nontrivial relation exists among the a, and it follows that 3r = [(A-)3”-1 : 
(A-)3t] >, 1+$-l,..., &-‘)I = 3”. H en c e r 3 s and the theorem is proved. 
2 
Let p-, p+; X-, h+ be the Iwasawa invariants associated with En-, E,f. 
COROLLARY 1. If CL- = 0, then p+ = 0. 
ProoJ Let t = 1. Then r, , s, are the 3-ranks of A,-, A,+. By the 
general theory of &-extensions [4, 81, if p- = 0, then r, is bounded for all 
n. By the theorem s, is bounded. It follows again from the general theory, 
then, that $- = 0. 
COROLLARY 2. A- 2 h+. 
Proof. Fix E,-, EO+. By the general theory we can find pairs (r, n) such 
that r, = h- and S, = h+. This is so because X measures the number of 
components of A, of unbounded exponent. The corollary follows im- 
mediately from the theorem. 
Finally, we give some applications of these results. 
If -rn G 0, 2 (3) and Q((-wz)~/~) has class number prime to 3, then 
p- = h- = 0. Hence p i- = h+ = 0 for Q((3m)‘9 Note that Q((3m)9 
must have class number prime to 3 in this case by [33, so this is of interest 
only when 3 divides m and m/3 = 1 (3). 
If (3, m) = 1, then p- = 0 whenever 112 f 7 (8) by [l]. Hence p-I+ = 0 
for all Q((3m)l/“), m + 7 (8). 
If 3 divides m, then ,LC = 0 whenever m + 5 (8) by [2]. Hence p+ = 0 
for all Q(m1i2), (3, m) = 1, m g 5 (8). 
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